Abstract. We compute the exact partition function of the one-dimensional su(1|m) supersymmetric t-J model with long-range interactions, in the presence of an external magnetic field and a charge chemical potential. To this end, we use the equivalence of this model to a suitable modification of the su(1|m) Haldane-Shastry spin chain with chemical potential terms. In this way, we also obtain a complete analytical description of the spectrum of the long-range t-J model in terms of the supersymmetric version of Haldane's motifs and their related skew Young tableaux. As an application, we determine the structure of the motifs associated with the ground state of the su(1|2) long-range t-J model in the thermodynamic limit for different values of its parameters. More precisely, we give a complete description of the different ground state phases, characterized by their spin content -i.e., su(1|2), su(1|1) and su(0|2), apart from the trivial phases consisting only of holes or fermions of one type-in terms of the magnetic field strength and the charge chemical potential. For each ground state phase, we derive the zero temperature values of the energy, magnetization and charge density per site, along with their corresponding susceptibilities. 
Introduction
Among lattice models of strongly correlated fermions, the t-J model holds a prominent position due to its role in the theoretical description of high-temperature superconductivity and as an example of a simple model featuring spin-charge separation [1] [2] [3] . This model is defined on a lattice whose sites can be either occupied by one fermion (carrying spin and charge) or empty. The fermions exhibit nearest-neighbors interactions through spin exchange and charge repulsion, and they can also hop between contiguous lattice sites. In fact, the t-J model can be regarded as the large U limit of the single-band Hubbard model. It is also related to the spin 1/2 isotropic Heisenberg chain, which can be obtained from it at half filling. In the one-dimensional case the t-J model is of particular interest, as it is both supersymmetric and exactly solvable through the nested Bethe ansatz when its parameters are suitably related [1, [4] [5] [6] [7] .
Although the original t-J model featured only nearest-neighbors interactions, interest in models with long-range interactions was spurred by the introduction of the integrable Haldane-Shastry (HS) spin chain [8, 9] in the late eighties. This chain, which describes a circular array of equispaced spins with two-body long-range 1/r 2 interactions, is of great interest in condensed matter and theoretical physics as one of the simplest examples of a quantum system featuring fractional statistics [10] [11] [12] [13] . The continuous limit of this model is also of importance in conformal field theory, since it is closely connected to the k = 1 Wess-Zumino-Novikov-Witten model [10, 14] and to infinite matrix product states [15] . Motivated by the HS spin chain and its related Sutherland spin dynamical model [16, 17] , Kuramoto and Yokoyama [18, 19] introduced a version of the supersymmetric t-J model featuring 1/r 2 long-range interactions, which reduces to the HS chain in the high density limit (i.e., when all the sites are occupied). In fact, the original (su(2)) Kuramoto-Yokoyama (KY) model is equivalent to the su(1|2) HS chain, up to a term proportional to the total electric charge. Kuramoto and Yokoyama were able to determine the model's ground state and its low-temperature behavior, showing that at low energies it is a Luttinger liquid [20] with spin and charge excitations independently described by a c = 1 conformal field theory (CFT).
As is well-known, the original (nearest-neighbors) supersymmetric t-J model can be solved via the nested Bethe ansatz [1, 21] . Similarly, the supersymmetric KY model is exactly solvable through the asymptotic Bethe ansatz pioneered by Sutherland and Shastry [22] , in the sense that its energies can be found by solving a system of transcendental equations in the asymptotic momenta [23, 24] . Unfortunately, this method does not completely determine the spectrum, as it does not provide complete information on the degeneracy of each level. In the (supersymmetric) HS chain, a complete description of the spectrum (including a systematic way of determining the levels' degeneracies) can be obtained through Haldane's motifs [11, 25, 26] . Based on numerical calculations, Wang et al. [27] proposed an empirical description of the degeneracies of the spectrum of the su(2) KY model reminiscent of the rule for filling the border strips associated to Haldane's motifs (see, e.g., [28] ). This description, however, is known to be incorrect in certain situations, although the needed corrections vanish in the thermodynamic limit [27] . Inspired by the connection between the su(2) KY model with the su(1|2) supersymmetric HS chain, Saiga and Kuramoto [29] conjectured a description of the former model's spectrum essentially in terms of su(1|2)-supersymmetric Haldane motifs, which accounted for the numerical results for N 16 spins. To the best of our knowledge, this conjecture has remained unproved in the literature.
A characteristic property of spin chains of HS type, including the original (trigonometric) one and its rational [30, 31] and hyperbolic [32] variants, is the fact that their partition functions can be exactly computed taking advantage of their intimate connection with spin Calogero-Sutherland (CS) models (see, e.g., the latter references and Refs. [33, 34] ). Indeed, these chains can all be derived from an associated (trigonometric, rational or hyperbolic) spin CS model by decoupling the spin (internal) degrees of freedom from the dynamical ones in the large coupling constant limit [35] . The chain's partition function is then obtained as the quotient of the partition functions of its corresponding spin CS model and its scalar counterpart, both known (at least in the large coupling constant limit) from the exact solvability of the latter models (see, e.g., Ref. [36] ). In fact, a crucial property of spin chains of HS type is that the partition function can be shown to be identical to that of a suitable inhomogeneous vertex model with very simple interactions, even in the supersymmetric case [28] . Moreover, these interactions can be naturally interpreted in terms of Haldane's motifs, which in turn yields a complete and rigorous description of the spectra of these models without using the usual machinery of the transfer matrix, Yangian highest-weight states, etc. An important advantage of this approach is the fact that it makes it possible to evaluate the thermodynamic functions of these models in a straightforward and direct way [37, 38] , without resorting to the asymptotic Bethe ansatz. On the other hand, the partition function of the su(m) KY model has not been evaluated so far even in the simplest case m = 2. This is surprising, given the connection of the latter model with the su(1|m) supersymmetric HS chain, whose partition is known [39] .
The aim of this paper is twofold. On the one hand, we exactly compute the partition function of the su(m) KY model with the addition of a chemical potential term by expressing its Hamiltonian in terms of a suitable modification of the su(1|m) HS spin chain Hamiltonian. To this end, we derive an expression for the Hamiltonian of the supersymmetric su(m) KY model in terms of creation and annihilation operators, which generalize the usual ones for m = 2. We also propose a new variant of the supersymmetric KY model with more general elliptic interactions, and show that this model can be mapped to a corresponding su(1|m) generalization of Inozemtsev's chain [40] . From the exact formula for the partition function, we then prove the equivalence of the KY model to an inhomogeneous vertex model, whose spectrum can be expressed in terms of supersymmetric motifs [25] . In this way we achieve our second aim, namely that of obtaining a complete description of the spectrum of the su(m) KY model using motifs and their associated Young tableaux. In particular, this description provides a rigorous proof of the long-standing conjecture of Saiga and Kuramoto [29] mentioned above. As a simple application, we also study the ground state of the spin 1/2 KY model in an external magnetic field in the thermodynamic limit. More precisely, we give a complete description of the different ground state phases, characterized by their spin content -i.e., su(1|2), su(1|1) and su(0|2), apart from the trivial phases consisting of only holes or fermions of one type-in terms of the magnetic field strength and the charge chemical potential. In particular, for the genuinely su(1|2) phase we reproduce the known results for the zero temperature magnetic and charge susceptibilities, showing the spin-charge separation characteristic of the t-J model at low temperatures [41] .
The models
We shall deal in this paper with su(m) t-J type models, consisting of a one-dimensional lattice with N sites each of which can be either empty or occupied by a single fermion with m internal degrees of freedom. We shall be mainly interested in long-ranged models of the latter type, in which the spin and charge interactions among the fermions and their hopping amplitude involve all possible pairs of lattice sites. More precisely, we shall take as the model's Hamiltonian
where t ij = t ji , J ij = J ji , V ij = V ji are real constants. We shall also assume that the model (2.1)-(2.2) is translation-invariant, i.e., that 4) and similarly for J(x), V (x). In the latter equations c † iσ (respectively c iσ ) denotes the operator creating (resp. destroying) a fermion of type σ at site i and n i = σ n iσ , where n iσ = c † iσ c iσ , is the total number of fermions at site i. The operator P is the projector onto single-occupancy states, in which each site is occupied by at most one fermion. Finally,
), where T r i is the r-th su(m) Hermitian generator in the fundamental representation acting on the i-th site (with a suitable normalization that we shall specify below). Thus the first term (proportional to t ij ) in Eqs. (2.1)-(2.2) accounts for the hopping of fermions between sites i and j, while the last two terms respectively model the spin (exchange) and charge interaction between the latter sites.
The Hamiltonian (2.1)-(2.2) encompasses several well-known models, which we shall briefly review. To begin with, note that a nearest-neighbors version of the ‡ Here and in what follows, unless otherwise stated sums and products over Latin indexes run over the set 1, . . . , N , while Greek indices range from 1 to m.
When m = 2, this is the original t-J model introduced in Ref. [1] . On the other hand, the long-ranged supersymmetric Kuramoto-Yokoyama model [18, 19] 
This mapping induces a natural way of associating to each linear operator A acting on H a corresponding linear operatorÂ = ϕAϕ
It is straightforward to check that under this correspondencê c iσ = b † i f iσ , since both operators agree on the canonical basis ofĤ i . Note than on H i we have c iσ = Pc iσ P, so that we can also write 6) and therefore (since P is Hermitian, being a projector)
We shall also need in the sequel the relations 9) which easily follow from the previous ones. For instance, taking into account that c iσ P = Pc iσ P and P 2 = P we have
Consider next the su(1|m) supersymmetric permutation operators P (1|m) ij :Ĥ →Ĥ (with i < j), whose action on the canonical basis
where a i0 = b i and a iσ = f iσ for σ 1 and |Ω = ⊗ i |Ω i is the global vacuum, is given by [39] 
The sign (σ) is 1 (respectively −1) if σ i = σ j = 0 (resp. σ i , σ j 1), while for σ i σ j = 0 and σ i = σ j it is equal to the number of fermionic spins σ k with i + 1 k j − 1. It is well known [25, 39, 42] that P (1|m) ij can be expressed in terms of creation and annihilation operators as follows:
where p(0) = 0 and p(σ) = 1 for σ 1. We thus have
where
is the ordinary permutation operator when acting on purely fermionic states. Our next goal is to relate the product T i · T j appearing in the Hamiltonian (2.1) with the supersymmetric permutation operator P 
In particular, when m = 2 the operator T r can be taken as the usual spin 1/2 operator S r = σ r /2, where σ r is the r-th Pauli matrix. In order to relate T i · T j with P (1|m) ij we shall make use of the identity
which is a direct consequence of the completeness of the generators T r together with the identity matrix. From Eqs. (2.8), (2.11) and (2.12) we obtain
kσ f kσ denotes the total number of fermions (created by the operators f † kσ ) at the k-th site. From Eq. (2.10) for the supersymmetric permutation operator P (1|m) ij we obtain, after some algebra,
Comparing with Eq. (2.1) we deduce that H ij will be proportional to A ij provided that 15) and in that casê
In other words, when condition (2.15) is satisfied, i.e., when H 0 is of the form
the corresponding HamiltonianĤ 0 is given bŷ
Note that so far we have not used the translation-invariance conditions (2.3)-(2.4), so that the previous result is valid in full generality. On the other hand, when the model (2.1) is translation-invariant we can use Eqs. (2.3)-(2.4) to further simplify the last term in the previous equation. Indeed, in this case .16) is that of a free fermion system (the term in square brackets vanishes identically), as first noted by Göhmann and Wadati [43] . This fact was recently exploited in Ref. [44] to evaluate the entanglement entropy of the ground state of (translationinvariant) su(1|1) spin chains of HS type. Note also that when
the Hamiltonian (2.16) is the su(m) version of the KY model. In this case [33, 45] i =j 19) so that
Hence the HamiltonianĤ 0 of the equivalent su(1|m) supersymmetric spin chain can be written asĤ
is the Hamiltonian of the su(1|m) Haldane-Shastry spin chain [8, 9, 25, 46] . In fact, the model (2.21) was introduced by Kawakami in the early 90's [23] . On the other hand, when t(x) is proportional to Eq. (2.5) the Hamiltonian (2.16) reduces to the su(m) version of the original (nearest-neighbor) t-J model 23) where N + 1 ≡ 1. The equivalent su(1|m) supersymmetric chain Hamiltonian is given byĤ
1N , which is essentially the su(1|m) Uimin-Lai-Sutherland model [4, 47, 48] .
It turns out that there is a one-parameter family of su(m) supersymmetric t-J models (2.16) which smoothly interpolates between the su(m) KY model (2.16)-(2.18) and the (periodic) nearest-neighbors su(m) t-J model (2.23). Indeed, let 25) where
and α > 0. In the latter formulas ℘(x; ω 1 , ω 3 ) and ζ(x; ω 1 , ω 3 ) denote respectively the Weierstrass elliptic function with half-periods ω 1 , ω 3 and its corresponding zeta function, defined by
It can be shown [49, 50] 
while the α → +∞ limit of Eq. (2.25) is Eq. (2.18). Note that the constant t 0 for the function (2.25) is given by
(see, e.g., Ref. [51] ). Thus the Hamiltonian (2.17) of the su(1|m) supersymmetric spin chain equivalent to the su(m) t-J model (2.16) with elliptic interactions (2.25) is given byĤ
is the su(1|m) version of Inozemtsev's elliptic spin chain [40] . In fact, for m = 1 the partition function and thermodynamics of the latter chain were derived in Ref. [50] , and the entanglement entropy of its ground state was analyzed in Ref. [44] .
Partition function
In this section we shall compute in closed form the partition function of the su(m) KY model (2.16)-(2.18) by exploiting its equivalence with the su(1|m) spin chain Hamiltonian of Haldane-Shastry type (2.21)-(2.22). As a matter of fact, we shall consider the more general Hamiltonian 
where S z is the z component of the total spin operator. This is indeed the contribution to the energy arising from the interaction with the magnetic field h 1 e z of a charged fermion (with gyromagnetic ratio g = 2, and unit mass and electric charge in natural units). More generally, for arbitrary m 2 we have
where the operators i(n kσ − n km ) generate the standard su(m) Cartan subalgebra at the k-th site. By Eq. (2.8), the su(1|m) spin chain HamiltonianĤ equivalent to H isĤ =Ĥ 0 +Ĥ 1 , wherê 
where µ σ is the chemical potential of the fermion of type σ, given by
From the above remarks, it follows that the partition function Z of the supersymmetric su(m) KY model (3.1) coincides with that of the su(1|m) supersymmetric HaldaneShastry chain with a chemical potential term given in Eq. (3.3) . The partition function of the latter model has been recently evaluated in Ref. [38] by taking advantage of its connection with the supersymmetric spin Sutherland model via Polychronakos's freezing trick [30, 35] , with the result
Here 
where |A| denotes the cardinal of the set A. We then have
For instance, in the su(2) and su(3) cases we respectively have
The latter expressions becomes even simpler when applied to the "pure" supersymmetric KY model (i.e., without magnetic field or chemical potential terms), for which µ σ = t 0 for all σ = 1, . . . , m according to Eqs. (3.4)-(3.5). Indeed, in this case we have
and hence
For instance, the partition function of the original (su(2)) supersymmetric KY model is given by
Motifs
In this section we shall give a complete description of the spectrum of the su(1|m) supersymmetric KY model (2.16)-(2.18) -or, more generally, the Hamiltonian (3.1)-in each subspace with well-defined spin content in terms of the supersymmetric version of Haldane's motifs [25] and their associated skew Young tableaux [26, 28, 52] . To this end, recall first of all that the spectrum of the su(1|m) spin chain (3.2), and hence of the su(m|1) supersymmetric KY model (3.1), can be extracted from their partition function (3.6) using the supersymmetric version of Haldane's motifs as explained in Ref. [38] . More precisely, the energies of the latter model (with their correct degeneracies) can be generated from the formula [28] . For this reason, we shall henceforth refer to the vector s as the bond vector. It is important to note that the energy (4.1) depends not only on the motif δ but also on the chemical potentials µ α through the last term. This term will in general break the huge degeneracy associated to the motifs δ, which is in part due to the invariance of the model (3.3) with µ α = 0 (i.e., the su(1|m) supersymmetric HS chain) under the Yangian Y (gl(1|m)) [52] . In other words, the general model (3.3) should be far less degenerate than the su(1|m) supersymmetric HS spin chain. We next note that the subspaces
in which each number operator n α has a well-defined value N α , are invariant under H. Indeed, the number operators n σ clearly commute with the operators c † kσ c lσ , n k , T k · T l , and hence with the full Hamiltonian H in Eq. (3.1). Similarly, the subspaces
in which the number operator N α takes the constant value N α for all α, are invariant under the corresponding spin chain HamiltonianĤ. We shall now show how the spectrum of H in each of the subspaces n(N) with well-defined spin content can be fully generated from the motif formula (4.1) by suitably restricting the bond vector s.
To this end, note that by the above observations the partition function of the HamiltonianĤ in Eq. 
where N α (s) denotes the number of components of the bond vector s equal to α. From the latter equation we deduce that the partition function of the Hamiltonian (3.1) can be expressed as 
It follows from the latter equation that the spectrum of JH (1|m) HS in the subspace N (N) can be generated from the motif formula
In view of Eq. (3.3), the spectrum of the full HamiltonianĤ restricted to the subspace N (N) (with the correct degeneracies for all levels) is generated by the analogous formula
By the results of Section 2, the same formula holds for the restriction of the Hamiltonian H to the subspace n(N). Thus the spectrum of H on n(N) is obtained from Eq. (4.1) by imposing the natural conditions N α (s) = N α on the bond vector s. Using the method of Ref. [28] , the spectrum (4.5) of the supersymmetric KY model (3.1) on the invariant subspace n(N) can be equivalently expressed in an alternative way which we shall now explain. First of all, the numerical values of the energies can be computed from the formula
where now δ ≡ (δ 1 , . . . , δ N −1 ) is an su(1|m) motif, i.e., a sequence of N − 1 zeros and ones. Secondly, the degeneracy of each energy E δ,N (which could be zero) is evaluated by counting the number of ways of filling the border strip associated to the motif δ according to the usual su(1|m) rules [52, 53] , with the additional restriction that each number α ∈ {0, . . . , m} must appear exactly N α times. More precisely, given the motif (δ 1 , . . . , δ N −1 ) its associated border strip is constructed by starting with one box, and then reading the motif from left to right and adding a box below (resp. to the left of) the i-th box provided that δ i is equal to 0 (resp. 1); see, e.g., Fig. 1 . This border strip should then be filled with the numbers 0, 1, . . . , m according to the following rules:
i) The numbers in each row form a nondecreasing sequence, allowing only the repetition of positive numbers.
ii) The numbers in each column (read from top to bottom) form a nondecreasing sequence, allowing only the repetition of 0.
iii) Each number α ∈ {0, . . . , m} must appear exactly N α times.
Each filling of a border strip according to the previous rules is called a (skew) Young tableau. Given such tableau, it is straightforward to check that its associated motif can be obtained from the bond vector (s 1 , . . . , s N ) whose components are the numbers in the tableau read from top to bottom by setting δ i = δ(s i , s i+1 ). The equivalence between the description of the spectrum through Eq. (4.6) (where the degeneracy of a motif δ is evaluated counting all the fillings of its associated border strip allowed by rules i)-iii)) and Eq. (4.5) essentially follows from this observation. Note also that, by Eq. (4.6), all the Young tableaux associated to a given motif have the same energy within each invariant subspace n(N) . Consider, for instance, the motif δ = (0, 1, 0, 0) for N = 5 particles in the su(1|2) case. As explained above, the degeneracy associated to this motif in each invariant subspace n(N) is given by all possible Young tableaux generated from it according to the above three rules. For instance, for the subspace n(3, 1, 1) it is easy to check that there are exactly three allowed Young tableaux for the above motif (cf. Fig. 1 ), with energy 6J − µ 1 − µ 2 . In fact, it is a straightforward matter to verify that there are exactly 8 invariant subspaces n(N) with fixed spin content compatible with the motif (0, 1, 0, 0) (i.e., with nonzero degeneracy), whose respective degeneracies and energies are listed in Table 1 .
The above general results considerably simplify for the su(1|m) supersymmetric KY model without magnetic field or chemical potential terms given by Eq. (2.16)-(2.18). Indeed, in this case h σ = µ c = 0, so that from Eq. (3.5) we obtain Thus Eq. (4.6) becomes
which depends on the spin content N only through N 0 . Thus for a given motif δ all of its compatible invariant subspaces n(N) with the same number of holes N 0 will now have the same energy. For instance, for the case N = 5, m = 2 and the motif (0, 1, 0, 0) considered above there are only four sectors with different energies, corresponding to N 0 = 1 (singlet), 2 (four times degenerate), 3 (five times degenerate) and 4 (twice degenerate), with respective energies −2J(7 − 2N 0 ). In general, in order to compute the degeneracy associated to each motif δ in a sector with a given number of holes N 0 we just have to count the number of allowed Young tableaux according to rules i) and ii) above, replacing rule three by the following:
iii') The number 0 must appear exactly N 0 times.
The latter three rules provide a complete description of the spectrum of the su(1|m) supersymmetric KY model (2.16)-(2.18), with the correct degeneracy for each energy (4.7). In fact, these rules had been conjectured without proof in Ref. [29] based on numerical calculations.
As a simple illustration of the above assertion, we present in Table 2 this reason, we have grouped together in Table 2 two motifs that are the reverse of each other. More generally, if we exchange any two components δ k and δ N −k of a motif δ we obtain a motif with the same energy as δ in each subspace with N 0 holes. However, these two motifs may not necessarily yield the same number of compatible Young tableaux in such a subspace. For instance, the motifs (0, 0, 1, 1) and (1, 0, 1, 0) have the same energy −2J(5 − 2N 0 ) in a subspace with N 0 holes, but it is clear from Table 2 that their degeneracies differ in each of these subspaces for N 0 = 0, . . . , 3. Finally, it is apparent from Table 2 that the ground state is obtained from the motifs (0, 0, 1, 0), (0, 1, 0, 0) (in the sector with one hole) and (1, 0, 1, 0), (0, 1, 0, 1) (in the sector with no holes). It is thus six times degenerate, with energy −10J.
Ground state phases for the supersymmetric spin 1/2 KY model
The complete description of the spectrum of the supersymmetric KY model in terms of motifs and their associated skew Young tableaux developed in the previous section is particularly suited to studying its ground state. As an example, we shall compute next the ground state per site of the spin 1/2 KY model in the thermodynamic limit in terms of the magnetic field strength h ≡ h 1 and chemical potential µ ≡ µ c + t 0 . To this end, let us first choose the unit of energy so that t = 1/(2π 2 ), so that Eq. (4.6) reads
We shall also assume without loss of generality that h 0, since taking h < 0 simply reverses the role of the "up" (σ = 1) and "down" (σ = 2) fermions. It is then clear from the term proportional to h in Eq. (5.1) that the ground state(s) must belong to an invariant subspace n(N) with N 1 N 2 . Since the dispersion function i(N − i) is symmetric about i = N/2 and has an absolute maximum at this point, by Eq. (4.1) for N large enough the bond vector minimizing the energy in the subspace n(N) must be of the form §
By Eq. (5.1), the energy per site of the corresponding motif
is given by
where the factor of 2 before the sums comes from the obvious symmetry of δ 0 around N/2 and we have set
Hence in the thermodynamic limit the minimum energy in a subspace n(N) with N 1 N 2 is given by
The ground state energy of the spin 1/2 KY model in the thermodynamic limit is thus the minimum value of the function u(s, t) in the triangle
In order to compute this minimum value, note first of all that f λ (x) = ε(x)−λ, with ε(x) monotonically increasing from 0 to 1/4 in the interval [0, 1/2]. Hence f λ is monotonically increasing over the interval [0, 1/2] for λ 0, monotonically decreasing for λ 1/4, and has a unique global minimum at the point
for 0 < λ < 1/4. We thus have the following possibilities (recall that we are assuming throughout that h 0): § We are actually assuming here that both N 1 and N 2 are even. In other cases the form of the minimizing bond vector differs slightly from Eq. (5.2), but the formula for its energy coincides in the thermodynamic limit with the one given below. Note also that unless N 1 and N 2 are both odd there is actually an additional bond vector with the same energy as (5.2) (or its variants, for N 1 and N 2 of opposite parity). For the sake of conciseness, we shall implicitly assume in what follows that the functions f λ and ε are restricted to the interval of
In this case f h (t) and f 2µ (s) both have a unique minimum over the interval [0, 1/2] respectively at the points t 0 = x 0 (h) ∈ [0, 1/2) and s 0 = x 0 (2µ) ∈ (0, 1/2), with t 0 < s 0 since ε(t 0 ) = h < 2µ = ε(s 0 ). Hence u attains its global minimum on D at the point (s 0 , t 0 ) (which is an interior point if h > 0), and the ground state energy density u is consequently given by
Note also that t = (N 1 − N 2 )/(2N ) and 2s = (N 1 + N 2 )/N are respectively equal to the magnetization and the charge density per site (assuming that the fermions have unit charge and gyromagnetic ratio equal to 2). Hence the zero-temperature magnetization and charge densities are given by
The corresponding magnetic and charge susceptibilities are obtained by differentiation, namely,
in agreement with known results (see, e.g., [41] ).
If (h, µ) lies outside the region {(h, µ) ∈ R 2 : 0 h/2 < µ < 1/8}, the system
determining the critical points of u has no solutions within the interior of D. Thus the function u(s, t) must necessarily attain its minimum value in the triangle D on its sides. It is worth noting in this respect that this minimum cannot be reached at an interior point of the horizontal side t = 0 unless h = 0, since for h > 0 we have f h (0) = −h < 0 and thus
for sufficiently small t > 0. We are left with the following possibilities:
In this case u(s, s) = f h (s)+f 2µ (s) = 2f h/2+µ (s) and u(1/2, t) = f h (t)+f 2µ (1/2) are both decreasing, so that these functions have a unique global minimum on the interval [0, 1/2] at the right endpoint 1/2, with common value Note that s = t = 1/2 is equivalent to N 1 = N , so that this phase consists only of up fermions.
iii) µ + h 2 0
Since µ −h/2 0, the minimum of u(s, 0) = f 2µ (s) and u(s, s) = 2f h/2+µ (s) on [0, 1/2] is located at s = 0, while
Thus in this case the ground state energy, zero-temperature magnetization and charge all vanish. In fact, since s = t = 0 is equivalent to N 0 = N , this is the trivial phase consisting only of holes.
In this case u(1/2, t) attains its minimum value in the interval [0, 1/2] at t 0 = x 0 (h) ∈ [0, 1/2). On the other hand,
with equality only if h = 0 and s = 1/2. Thus the global minimum of u on D is attained at the point (1/2, t 0 ). In particular, the ground state energy per site is given by 6) while the magnetization and charge per site at zero temperature read
The T = 0 magnetic susceptibility is again
while the charge susceptibility vanishes. Since s = 1/2 is equivalent to N 1 + N 2 = N , this is an su(2) phase characterized by the absence of holes.
The above inequalities imply that u(s, s) = 2f h/2+µ (s) attains its unique global minimum over the interval [0, 1/2] at the point s 0 = x 0 (h/2+µ) ∈ (0, 1/2). It is straightforward to check that u(s, t) achieves its minimum over the domain D at the point (s 0 , s 0 ). Indeed, Region Ground state energy per site Spin content as h > 0 in this case this minimum cannot be reached on the interior of the side t = 0. Consider next the side s = 1/2. If h 1/4 the function f h (t) is decreasing, so that
On the other hand, if 0
Since ε(x) − 2µ > 0 for x > t 0 (this is obvious for µ 0, while for 0 < µ 1/8 it is a consequence of the inequality x 0 (2µ) x 0 (h), which in turn follows from 2µ h) we have
which completes the proof of our assertion. In summary, in this case the ground state energy per site is given by
while the magnetization, the charge density and their susceptibilities (per site) read
Note, finally, that the equality s = t is equivalent to N 2 = 0. This is thus an su(1|1) phase, consisting only of holes and up fermions. Our results are summarized in Table 3 . Note, in particular, that u is continuous (indeed, of class C 1 ) over its domain, although its second derivatives are discontinuous along the boundaries of the regions listed in Table 3 (cf. Fig. 2 ). 
Conclusions
Even though the one-dimensional su(1|m) supersymmetric t-J model with long-range interactions, also known as the su(m) KY model, has been studied extensively during the last few decades, an analytical derivation of its complete spectrum and exact partition function has been missing so far. With the purpose of filling up this gap, in this paper we establish the equivalence of the su(m) KY model (in the presence of an external magnetic field and a charge chemical potential) to a suitable modification of the su(1|m) HS spin chain with chemical potential terms. This equivalence allows us to obtain the partition function of the former model in a straightforward way by using the known partition function of the latter, which has been recently computed [38] using Polychronakos's freezing trick [30] . It was also shown in Ref. [38] that the complete spectra of the su(n|m) HS spin chains with chemical potential terms can be obtained from the bond configurations of a suitable inhomogeneous vertex model [28] , which are closely connected with supersymmetric versions of Haldane's motifs and their related skew Young tableaux. Applying the above results for the su(1|m) HS spin chain, we derive a complete analytical description of the spectrum of the su(m) KY model in the presence of an external magnetic field and a charge chemical potential. For the particular case m = 2, this description provides a rigorous proof of a long-standing conjecture by Saiga and Kuramoto [29] based on numerical evidence. As a concrete application of our results, we study various thermodynamic properties of the su(2) KY model in the zero temperature limit. To this end, we determine the structure of the motifs and bond configurations yielding the ground state of the latter model in the thermodynamic limit for different values of the external parameters. The structure of such bond configurations leads to a complete description of the different ground state phases in terms of the magnetic field strength and the charge chemical potential. These phases are characterized by the spin content (magnon numbers) of the corresponding wave functions, namely an su(1|2) phase where holes and fermions of both types co-exist, an su(1|1) phase with holes and fermions of only one type, and an su(0|2) phase with fermions of both types, apart from the trivial phases consisting of only holes or fermions of one type. We have also derived the zero-temperature values of the energy, magnetization and charge density, along with the magnetic and charge susceptibilities, for each ground state phase. Our results, which agree with previously known ones derived by different methods, confirm the spin-charge separation characteristic of the t-J model at low temperatures [41] .
Note, finally, that the description of the spectrum of the su(m) KY model in terms of supersymmetric motifs and their associated Young tableaux derived in this paper could be applied to the computation in closed form of the model's thermodynamic functions at finite temperature, by means of the transfer matrix method developed in Refs. [37, 38] . In fact, work on this problem is currently in progress and shall be presented in a forthcoming publication. We shall establish the latter equality by induction on r. To begin with, note that (A.1) is trivially obvious for r = 1. Suppose now that the latter equation holds for determinants S · of order up to r − 1. 
